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We propose a scheme by which signals carried by a coherent optical source close to the quantum noise limit
can be amplified, making them more robust against losses, and then reconstructed at a remote site. The
amplitude signal-to-noise ratio, the absolute amplitude noise level, and optical coherence are preserved. The
scheme utilizes electro-optic feedforward and laser injection locking. We investigate the performance of the
scheme as a quantum nondemolition device. @S1050-2947~97!02411-6#
PACS number~s!: 42.50.Lc, 42.55.2f, 42.60.DaI. INTRODUCTION
Coherent optical sources at the quantum noise limit
~QNL!, or even squeezed sources with sub-QNL noise,
would seem like excellent sources for the transmission of
signals optically @1#. A major drawback though is the innate
fragility of signals close to the QNL. Losses introduce
vacuum fluctuations, which rapidly degrade signals. Simi-
larly, phase-insensitive amplification ~such as that produced
by a laser amplifier! introduces additional noise, which also
degrades the signal-to-noise ratio @2#.
It has been demonstrated recently that an electro-optic
feedforward loop can be used to amplify the fluctuations on
a light beam without incurring the usual noise penalty asso-
ciated with phase-insensitive amplifiers @3#. It was shown
that even squeezed fluctuations could be amplified in this
way while suffering very little degradation of the signal-to-
noise ratio. Because the amplified fluctuations are then well
above the QNL the light is robust against losses and laser
amplification. Thus low-noise light could be used to make
sensitive measurements and then be prepared for transmis-
sion by amplifying the signals with a feedforward loop. La-
ser amplification could then be used to counteract transmis-
sion losses with only minimal degradation of the signal-to-
noise ratio.
Perhaps the ideal situation would be if, after transmission,
the light could be reconstructed coherently with its original
absolute signal and noise levels. The light would thus be low
noise again and could be used to make further sensitive mea-
surements at the distant site. The whole process of measure-
ment, amplification, transmission, and reconstruction could
be repeated a number of times. Such a scheme would con-
stitute a quantum nondemolition ~QND! measurement @4# in
which the meter and signal outputs could be separated by a
large distance. The quantum optical uncertainty relations
would require that information on the phase quadrature be
degraded in such a process; however, it is not required that
all phase information be destroyed as in detection and re-
emission schemes @5#. In this paper we show that such re-
construction can be achieved using an injection locked laser.
The plan of our paper is as follows. In Sec. II we set up
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idealized situations. In Sec. III we consider the performance
of the system under realistic conditions. We summarize our
results in Sec. IV.
II. MODEL
We wish to model the following cascade of operations on
an optical beam: feedforward, laser amplification, loss, and
finally injection locking. This sequence is shown schemati-
cally in Fig. 1. We will treat each of these operations indi-
vidually and then look at their total effect under ideal condi-
tions.
A. Feedforward
The feedforward loop comprises a beam splitter of trans-
mittivity «1 that directs the reflected beam to a detector of
efficiency «2. The transmitted beam passes through an am-
plitude modulator via which a signal proportional to the in-
tensity of the detected reflected beam is imposed ~see Fig. 1!.
We can write the input laser beam in the linearized form
Aˆ in5A in1dAˆ in , ~1!
in which we have decomposed the field annihilation operator
into a large, classical, time-independent coherent amplitude
A in and a small operator part dAˆ in , which carries all the
classical and quantum fluctuations. The output field will then
be given by
Aˆ out5A«1A in1A«1dAˆ in1A12«1dvˆ 11drˆ , ~2!
FIG. 1. Schematic representation of the model.4187 © 1997 The American Physical Society
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the beam splitter (dvˆ 1) appear on the transmitted beam. We
have assumed that the feedforward does not affect the
steady-state value of the field but just adds a small fluctuat-
ing term drˆ , which can be written as a convolution over time
@6#
drˆ5E
2`
`
k~t!A~12«1!«2A in@A~12«1!«2dXˆ A~ t2t!
2A«1«2dXˆ v1~ t2t!1A~12«2!dXˆ v2~ t2t!#dt ~3!
that expresses changes in the phase and amplitude of the
feedforward signal due to the electronics by a function k(t).
The amplitude fluctuations of the input field and its accom-
panying vacuum fluctuations from the beam splitter (dv1)
and the nonunity detector efficiency (dv2) are defined by
dXˆ A in5dA
ˆ in1dAˆ in
†
,
dXˆ vi5dvˆ i1dvˆ i
†
. ~4!
Note that energy conservation requires that the vacuum fluc-
tuations on the reflected beam are anticorrelated with those
on the transmitted beam. The intensity noise spectrum of the
output field, normalized to the QNL, is then given by the
expectation value of the Fourier transform of the amplitude
fluctuations of the output field
Vout5^udXAoutu
2&5uA«11lA«2~12«1!u2V in
1uA~12«1!2lA«2«1u21ulA12«2u2, ~5!
where various constants have been rolled into the electronic
gain l(v), which is proportional to the Fourier transform of
k(t) and is in general a complex number. V in is the spectrum
of the input field and we have used the fact that the vacuum
noises are at the QNL. For a sufficiently large, positive, real
value of l , amplification with superior signal-to-noise ratio
preservation than a phase-insensitive amplifier is achieved.
In particular, a maximum signal-to-noise ratio preservation
occurs when we choose
l5
A12«1
A«1«2
~6!
such that the vacuum contribution from the beam splitter is
exactly canceled. Then, under the optimum condition of unit
efficiency detection («251), we find
Vout5
1
«1
V in . ~7!
That is, the fluctuations are noiselessly amplified by the in-
verse of the beam-splitter attenuation factor. The input and
output spectra can be written as the sum of contributions
from signals (VS) and noise (VN): V5VS1VN . Since no
additional noise is added by the feedforward loop, Eq. ~7!
shows that the signal-to-noise ratio ~SNR or VS /VN) of theinput and output fields are equal. The ouput power Pout is
given in terms of the input power P in by
Pout5«1P in . ~8!
The field detected in the feedforward loop is
dXm5~A12«1dXA in2A«1dXv1!A«21A12«2dXv2
~9!
and under optimum conditions has the spectrum
Vm5~12«1!V in1«1 . ~10!
Hence, for «1!1 the SNR of Vm ~and Vout) can be arbitrarily
close to that of V in . However, for a coherent input the am-
plification of the output field fluctuations ensures that the
correlation between Vm and Vout is never nonclassical.
With l real the modulator will act only on the amplitude
quadrature of the beam, so the output phase quadrature spec-
trum (Vout2 ) will just be an attenuated version of the input
spectrum
Vout
2 511«1~V in
221 !. ~11!
In summary, the effect of the feedforward loop is to am-
plify the fluctuations on the input beam by the same factor as
it deamplifies the power of the input beam. For unit in-loop
detection efficiency the SNR of the output beam is the same
as that of the input beam. If the beam-splitter transmission is
low ~and hence the signal amplification factor is high! the
SNR of the in-loop photocurrent also approaches that of the
input field.
B. Phase-insensitive amplification
We wish to model the effect of using a standard laser
amplifier to counteract the effect of losses ~modeled as a
beam splitter of transmittivity «4) that will be incurred in
transit from the feedforward point to that of reconstruction
~see Fig. 1!. A standard laser amplifier is a phase-insensitive
device and thus obeys quite general relations. In particular,
the requirement that the input and output beams of the am-
plifier have the same commutation relation means that addi-
tional noise must be added as part of the amplification pro-
cess. The output beam is
Aˆ out5AGA in1AGdAˆ in1AG21dvˆ 3† , ~12!
where dvˆ 3
† are vacuum fluctuations whose physical origin in
the case of a laser amplifier are dipole fluctuations in the
active medium @7#. The intensity noise output spectrum is
Vout5GV in1G21. ~13!
In the high-gain limit (G@1) Eq. ~12! implies a 3-dB deg-
radation of the SNR for close to QNL beams. However, if
the input fluctuations are well above the QNL (V in@1) then
the SNR degradation is minimal. Similarly, the phase noise
spectrum is
Vout
2 5GV in
21G21. ~14!
The output power of the amplifier is given by
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It should be noted that the feedforward scheme does not
suffer from a noise penalty because only amplitude fluctua-
tions are amplified. This allows preservation of commutation
relations without extra noise terms.
In summary, the phase-insensitive amplifier amplifies
fluctuations and power equally. Additional quantum noise is
inevitably added, reducing the SNR for input beams close to
the QNL. For input beams with fluctuations well above the
QNL the degradation of the SNR is negligible.
C. Injection locking
Our starting point for the discussion of the injection
locked laser are linearized equations for the fluctuations in
the atomic populations and amplitude quadrature of the in-
ternal field of a four-level laser system @8#. We make some
further approximations on the equations solved in @8# by as-
suming very rapid depopulation of the lower lasing level and
very large population in the ground level. Under these as-
sumptions the system of four dynamical equations reduces to
the following two equations for the fluctuations in the
quadrature amplitude of the internal mode (dXˆ a) and the
population of the upper lasing level (dsˆ ):
dXˆ˙ a5Wdsˆ a1A2kmdXˆ A in1A2k ldXˆ l2AWJdXˆ c
dsˆ˙ 52Wdsˆ a22WJadXˆ a2g tdsˆ 1AGdXˆ P1Ag tJdXˆ t
1AWJadXˆ c . ~16!
The semiclassical steady-state values of the internal mode
amplitude per atom (a) and upper lasing level population
probability (J) around which the fluctuations are linearized
are given by the solutions to
052WJa22g tJ1G ,
05
W
2 Ja2ka1
A2kmA in . ~17!
The total loss rate of the laser cavity k is the sum of losses
due to the output mirror km and those due to all other mecha-
nisms k l . Stimulated emission occurs at a rate WJa2 and the
rate constant W is given by
W5ssrc , ~18!
where ss is the stimulated emission cross section for the
lasing transition, r the density of lasing atoms in the me-
dium, and c the speed of light in the medium. Spontaneous
emission from the upper lasing level occurs at a rate g t and
the pumping rate is G . Dissipative processes in the laser
couple in the vacuum fluctuations: dXˆ l ~internal losses!, dXˆ c
~dipole fluctuations!, and dXˆ t ~spontaneous emission!. The
fluctuations of the input field and the pump are given by
dXˆ A in and dXˆ P , respectively. We have assumed in these
equations that the input field (A in) is real and resonant with
the cavity mode of the laser.Although these equations were derived for an atomic la-
ser, they can be equally used to describe semiconductor la-
sers @9# by interpreting J as the excited minority-carrier
probability. Provided the majority-carrier population is much
larger than the minority-carrier population, there is good
agreement between this approach and more sophisticated
treatments @10#.
Equations ~16! and ~17! describe a large range of possible
behaviors depending on the parameters of the laser and the
detection frequency of interest @8#. We are interested in the
behavior of the system well above threshold and at low fre-
quencies. We thus assume that the stimulated emission rate
(Wa2) is the most rapid rate in the system and calculate the
zero-frequency solution. We obtain the approximate solu-
tions for the internal amplitude per atom
a5
A2kmA in2 12kG1A2kmA in
2k , ~19!
the population of the upper lasing level
J5
G
WA in
2 1g t
, ~20!
and the output spectrum of the injection locked laser
Vout5
2km
G
a2
VP1S 2km2 W2 J2k D
2
V in14kmk l
S W2 J1k D
2 .
~21!
The spectrum of the pump fluctuations is VP . In the limit of
negligible internal losses (k l'0) the spectrum can be writ-
ten in a more transparent way as @8#
Vout>
P inV in1P freeVP
P in1P free
, ~22!
where P free is the free-running laser output power ~that is,
with A in50) that would be obtained for the same pump rate.
P in is the power of the injected field. In obtaining Eq. ~22!
from Eq. ~21! we have used the semiclassical relations ~17!.
Also we have used the reflection geometry boundary condi-
tions @11# for the semiclassical values
Aout5A2kma2A in ~23!
and the fluctuations
dXˆ Aout5A2kmdXˆ a2dXˆ A in. ~24!
The output power is given by
Pout5
P in1P free
P in
P in . ~25!
If the pump fluctuations can be suppressed such that
P freeVP!P inV in , then Eq. ~22! further reduces to
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P in
P in1P free
V in . ~26!
Hence, under optimum conditions injection locking noise-
lessly deamplifies the fluctuations on the input field by the
same factor as it amplifies the input power.
We would also like to know the effect of the injection
locking on the phase noise fluctuations of the input field. The
linearized equation for the phase quadrature fluctuations of
the injection locked laser is
dXˆ˙ a
25S W2 J2k D dXˆ a21A2kmdXˆ A in2 1A2kmWJdXˆ c2
~27!
and hence the phase noise spectrum is
Vout
2 5
S 2km1W2 J2k D
2
V in
212kmWJ
S W2 J2k D
2 . ~28!
In the low-loss limit this reduces to the standard expression
for a phase-insensitive amplifier
Vout
2 5GV in
21G21. ~29!
In summary, the effect of injection locking is to deamplify
the intensity fluctuations of the input field while amplifying
the input power. Ideal conditions are achieved for negligible
pump noise and internal losses. Under ideal conditions the
deamplification of the input fluctuations is noiseless and
equal to the amplification of the input power. This is the
inverse of the effect of the feedforward loop.
D. Amplification and reconstruction
We now calculate the total input to output relation for the
cascade of elements shown in Fig. 1 under ideal conditions.
Hence we couple the output of the feedforward ~7! into the
input of the amplifier ~13! and then the output of the ampli-
fier is sent through a beam splitter of transmittivity «4. The
output of the beam splitter is then used as the input of the
injection locked laser ~22!. The relationship between the ini-
tial input (V in) and the final output fluctuations (Vout) is then
Vout5
«4«1GP inF11«4S G 1«1 V in1G22 D G1P freeVP
«4«1GP in1P free
.
~30!
The corresponding output power in terms of the initial input
power is
Pout5«4«1GP in1P free . ~31!
To reconstruct our original beam we arrange for the final
output power to equal the input power. We achieve this by
~i! choosing the gain of the laser amplifier such that it just
cancels the effect of the losses (G«451) and ~ii! choosing
the free running power of the injection locked laser to beP free5(12«1)P in . With these substitutions we obtain
Pout5P in and the output fluctuations are
Vout5V in12«1~12«4!1~12«1!VP . ~32!
Provided VP!V in and «1!1, then Vout>V in and we have
successfully reconstructed the amplitude quadrature of the
original beam. If the original beam was in a coherent state
then the condition VP!V in implies that the pump is sub-
Poissonian. This is a difficult condition to satisfy in optically
pumped systems, but can easily be realized by the pump
current of a diode laser. Under these conditions the output of
the free-running laser will be amplitude squeezed @9#.
We can also calculate the the total input to output relation
for the phase quadrature. For the same conditions outlined
above we obtain
Vout
2 5V in
21
1
«1
~422«4!22. ~33!
As expected, excess noise appears on the phase quadrature;
however, it is important to note that under conditions for
which the amplitude quadrature is efficiently reconstructed
large phase signals, well above the QNL, will still be visible.
In the next section we will assess the performance of the
system under realistic conditions.
III. PERFORMANCE
In assessing the performance of our system we will use
the normal QND criteria @12#. We calculate the transfer co-
efficients for the signal-to-noise ratio of the input to the final
output Ts and the input to the readout in the feedforward
loop Tm ~see Fig. 1!. These tell us, respectively, how suc-
cessfully we have transmitted information to our distant sta-
tion and how well we have monitored the information lo-
cally. They are defined
Ts5
Routput
Rinput ,
Tm5
Rm
Rinput , ~34!
where the signal-to-noise ratio of the input (Rinput), the in-
jection locked laser output (Routput), and the in-loop detector
of the feedforward section (Rm) are used. Ideally, we would
like Ts5Tm51.
We also calculate the conditional variance Vs/m between
the feedforward in loop and the output of the injection
locked laser. This tells us how well we have reconstructed
the original beam and is defined
Vs/m5S 12 ^dXoutdXm&2^dXout2 &^dXm2 & D ^dXout2 &, ~35!
where we have used the amplitude quadrature of the output
field dXout and that of the in-loop field in the feedforward
section dXm . Ideally, we would like an exact correlation
such that Vs/m50. A QND measurement is implied if
Ts1Tm.1 and Vs/m,1. We also wish to consider how
56 4191ROBUST TRANSMISSION AND RECONSTRUCTION OF . . .closely we can return to the absolute noise level and hence
signal sensitivity of the original beam. We will characterize
this by S5V in /Vout .
Let us first consider the values of the transfer coefficients
and conditional variance for the optimum conditions dis-
cussed at the end of Sec. II. Using Eqs. ~10! and ~30! and
assuming a coherent input field we find that
Tm512«1 ,
Ts5
1
112«1~12«4!1VP
. ~36!
Provided «1 ,VP!1, then Ts>Tm>1. Similarly, using Eqs.
~9!, ~30!, and ~35! we can calculate the conditional variance
to be
Vs/m52«1~1.52«4!1~12«1!VP . ~37!
Once again, provided «1 ,VP!1, we obtain the optimum re-
sult Vs/m>0. Thus we have shown that, in principle, this
system can make perfect QND measurements in which the
input and output are separated by large distances. In addition,
the absolute noise levels remain approximately the same
such that S>1.
As noted earlier, to obtain a QND measurement of the
amplitude quadrature quantum mechanics requires that ex-
cess noise be added to the phase quadrature. The following
inequality must be satisfied:Vs/mVout
2 >1. ~38!
A minimum backaction measurement occurs when the equal-
ity is satisfied. For our system, under optimum conditions,
we have
Vs/mVout
2 >4~1.52«4!~22«4!. ~39!
Thus, for low-transmission losses («4>1) our scheme im-
poses twice the minimum backaction noise. For high-
transmission losses this rises to 12 times the minimum back-
action noise.
We now consider how well the system might perform
under more realistic conditions. The two major limiting fac-
tors experimentally are the efficiency of the detector in the
feedback loop and the intracavity losses of the injection
locked laser. A realistic figure for the detector efficiency is
«250.9. Semiconductor diode lasers fit the criteria required
for the validity of Eq. ~21!, i.e., they operate well above
threshold and have very wide cavity linewidths such that
even frequencies in the hundreds of megahertz can be con-
sidered ‘‘low.’’ In addition, they are electrically pumped so
that their pump fluctuations can easily approach VP50 @9#.
Also the act of injection locking removes extraneous noise
sources due to nonideal single-mode behavior @13#.
The simple form for the injection locked output ~22! can-
not be used when significant intracavity loss is present. In-
stead we rewrite Eq. ~21! in the dimensionless formVout5
$~12h!~r11 !2h%2$2~12«4!1r2~«2V in112«2!%1~r11 !2h~12h!
~12r2h!2 , ~40!where we have taken VP>0, h5km /k is the laser output
efficiency, and r5A in /(A2kma2A in) is the amplitude am-
plification ratio between the injected field and the injection
locked laser output. Reconstruction of the original absolute
power and noise level now only occurs exactly for a particu-
lar value of r . This dictates the spitting ratio of the beam
splitter in the feedforward loop that must be chosen, i.e., we
require «151/r2, so that Pout5P in is still satisfied. This will
not present a major problem provided the required «1 is still
much smaller than 1. In general, the amplification factor re-
quired rs is a complicated function of h . For the case of a
coherent input field (V in51) and low detection and trans-
mission losses («2>«4>1) we obtain the approximate rela-
tionship
TABLE I. Performance when r is chosen such that absolute
noise levels are preserved (S51). «250.9 and «450.5.
h r2 Tm Ts Vs/m
0.5 3.13 0.61 0.43 0.66
0.6 7.20 0.77 0.52 0.50
0.75 31.2 0.87 0.66 0.28rs>
h1Ah22~122h!~h21 !
12h . ~41!
Intracavity losses as low as 25% (h50.75) have been ob-
tained for quantum-well diode lasers at low temperatures
@14#. For room-temperature operation losses may be as high
as 50% (h50.5). In Tables I and II we summarize the ex-
pected performance obtained for intracavity losses at these
two extremes and at an intermediate level. We assume a 90%
detection efficiency in the feedforward loop and 50% trans-
mission losses. We consider two strategies for the amplifica-
tion factor. In Table I we choose 1/A«15r5rs such that
absolute noise levels are reconstructed. In Table II we exam-
ine the effect of having «1 very small and hence r large. We
TABLE II. Performance when r25100. «250.9 and «450.5.
h S Tm Ts Vs/m
0.5 0.043 0.89 0.88 0.71
0.6 0.072 0.89 0.87 0.52
0.75 0.24 0.89 0.84 0.29
4192 56T. C. RALPHtake r510 as a maximum reasonable value. As would be
expected, in both cases the performance improves as h in-
creases. For h50.5 and r chosen such that S51 the perfor-
mance can only barely be considered QND. There is a large
improvement in the signal-to-noise ratio performance by go-
ing to a large r with only a small increase in the conditional
variance; however, the absolute noise level is increased
markedly to over 13 dB above the QNL. The situation is
significantly improved with h50.75. With r5rs the opera-
tion is clearly QND. The signal-to-noise ratio performance is
improved by using a larger r with absolute noise levels rising
to about 6 dB above the QNL.
Typically quantum-well lasers have output powers of the
order of 50 mW. The ability to lock such lasers with input
powers as low as 0.5 mW (r510) has been demonstrated
@13#. However, the ability to achieve large gains in the feed-
forward loop can present technical difficulties. In Table III
we consider the situation where we are limited to r5A10.
Surprisingly, the worst result now occurs for the laser with
the lowest losses (h50.75). Although the conditional vari-
ance is improved over the higher loss cases, Ts becomes so
small that the low loss case can no longer be considered a
QND measurement. This happens because for r,rs there is
greater than desired suppression of the input fluctuations.
This leads to a reduction in Ts . The output tends to that of
TABLE III. Performance when r2510. «250.9 and «450.5.
h S Tm Ts Vs/m
0.5 0.42 0.81 0.70 0.68
0.6 0.77 0.81 0.61 0.50
0.75 2.8 0.81 0.18 0.29the free-running laser and hence is squeezed. This can be
seen from the increased sensitivity of the output field over
that of the coherent input field (S.1).
IV. CONCLUSION
Using only standard optical elements, i.e., beam splitters,
detectors, modulators, and lasers, we have shown that low-
noise light can be made robust against losses and linear am-
plification and later reconstructed into its original low-noise
state with minimal loss of information and retaining coher-
ence. Phase signals well above the QNL are preserved. The
key elements are ~i! the feedforward loop, which amplifies
the fluctuations on the input beam by the same amount as it
deamplifies the intensity of the input beam, and ~ii! the pump
noise suppressed injection locked laser, which reverses this
process by deamplifying the fluctuations by the same amount
as it amplifies the intensity. Under optimum conditions nei-
ther element introduces excess noise. The major advantage
of this scheme is that the fluctuations on the beam after the
feedforward are well above the QNL; hence linear amplifi-
cation can be used to counteract loss without incurring a
significant degradation of the signal-to-noise ratio. We have
demonstrated that this system can in principle be used to
make perfect QND measurements in which the input and
meter output are separated by large distances from the signal
output. Under realistic conditions the system is predicted to
perform at least as well as other QND systems based on
nonlinear crystals.
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